WISCONSIN MATHEMATICS, SCIENCE & ENGINEERING TALENT SEARCH
SOLUTIONS TO PROBLEM SET III (2017-2018)
1. Find the greatest integer that is exactly 19 times the sum of its digits.
SOLUTION. We will show that the largest integer which is exactly 19 times the sum of its digits
is 399. Consider a positive integer with k digits. The sum of its digits is at most 9k and 19 times
the sum of its digits is at most 19 ⇥ 9k = 171k. However, the number itself is at least 10k 1 (the
first k digit integer).
For k 4, we will show 10k 1 171k by mathematical induction. We can check this is true
for k = 4, as 1000 > 684 = 171 · 4. Then, if for k 4, we have 10k 1 171k, so 10k 171(10k)
171(9k + 4) 171(k + 1), which completes the induction. Thus, the integer we seek must have 3
or fewer digits.
We consider the case k = 3. Thus, 19 times the sum of its digits is at most 171 ⇥ 3 = 513.
This means the first digit is at most 5, so the sum of the digits is at most 5 + 9 + 9, and 19 times
this is 437. This means the first digit is at most 4. If the number had digits 4, a, b, then we would
have 400 + 10a + b = 19(4 + a + b), which implies 36 = a + 2b. However, since a and b are both
at most 9, this is impossible as a + 2b  27. Thus the first digit cannot be 4. If the first digit is 3
and the number has digits 3, a, b, then we would have 300 + 10a + b = 19(3 + a + b), which implies
27 = a + 2b. The only solution for this is a = b = 9, which corresponds to the integer 399. Thus,
399 is the largest integer which is 19 times the sum of its digits.
Using the same approach you can check that the following numbers are equal to 19 times the
sum of their digits: 114, 133, 152, 171, 190, 209, 228, 247, 266, 285, 399.
2. The sum of 100 distinct positive integers is 5052. What is the value of the 5th largest
number?
SOLUTION. Let i be any number from 1 to 98. The smallest possible sum of 100 distinct positive
integers such that none of them is equal to i is given by
1 + 2 + · · · + (i

1) + (i + 1) + · · · + 101 = 5151

i.

Since i can be at most 98, this sum has to be at least 5053. This shows that all the numbers from
1 to 98 must be included in any collection of 100 distinct positive integers that add up to 5052.
Thus, the 5th largest number must be 96. Note that the sum of the numbers 1, 2, 3, . . . , 99, 102 is
an example of a set of positive integers with the sum of 5052.
3. How many right triangles
are there whose legs have integer lengths and whose hypotenuse
p
has length 22017 · 2?
SOLUTION. By the Pythagorean theorem, such a triangle has legs of length a, b with a2 + b2 =
24035 . We can write a = 2k c and b = 2` d, where c and d are odd integers. We can assume that
k
` without loss of generality (since otherwise we can switch a and b). If `
2018, then we
2
4036
2
4035
would have b
2 , so we conclude that `  2017. If ` = 2017, then b  2
implies that
d = 1, and similarly c = 1. This gives a solution a = b = 22017 . Otherwise, `  2016 and we divide
the original equation by 22` to obtain 22(k `) c2 + d2 = 24035 2` . We look at this equation modulo 4.

Since d is odd, it is 1 or 3 modulo 4, and d2 is 1 modulo 4. Since `  2016, we have that 24035 2`
is 0 modulo 4. Finally, we see that c2 , like d2 is 0 or 1 modulo 4, and hence when multiplied by a
power of 2 is 0, 1, or 2 modulo 4. This means the equation 22(k `) c2 + d2 = 24035 2` cannot hold
modulo 4, and hence there are no further solutions. The answer is that there is one such right
triangle (with legs each of length 22017 ).
4. It’s Christmas Eve, and Santa is having a busy night, as usual. After making his way down
a particularly narrow chimney, Santa is delighted to find some refreshments for him—a glass
of eggnog and a glass of mulled wine. Santa notices that there are exactly 300 mL of eggnog
and 200 mL of mulled wine. The eggnog contains 5% alcohol by volume (i.e., every 100 mL
of eggnog contains 5 mL of alcohol), and the mulled wine contains 10% alcohol by volume.
Furthermore, each mL of eggnog contains 2 calories and each mL of the mulled wine has
3 calories. Santa, being hungry, wants to consume as many calories as possible. However,
being a responsible reindeer-sleigh driver, he wants to limit his alcohol intake to at most 25
mL. How much eggnog and mulled wine should he drink (in mL) so that he maximizes his
caloric intake?
SOLUTION. Let the optimal quantities of eggnog be x mL and mulled wine be y mL. Since the
amounts of eggnog and mulled wine are limited, we know that
0  x  300,
0  y  200.

and

(1)
(2)

If Santa consumes x mL of eggnog and y mL of mulled wine, the amount of alcohol he consumes
in mL is given by
5x
10y
x
y
+
=
+ ,
100 100
20 10
which should at most 25 mL. This gives the condition
x
y
+
 25.
20 10

(3)

The set of all possible values of x and y that satisfy conditions (1),(2), and (3) can be visualized
as in Figure 1. Call this region R.
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Figure 1: All possible values of (x, y) are given by the shaded region R.
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Figure 2: The lines 2x + 3y = c for di↵erent values of c

Among all these values, Santa wants to pick the one that maximizes his caloric intake. This
means Santa wants to maximize 2x + 3y where (x, y) lie in R. For di↵erent values of c, we can
visualize the 2x + 3y = c as in Figure 2, with a line for each di↵erent value of c. Notice that as
c increases, the corresponding line gets pushed upwards and to the right. For c = 900, we notice
that the point (300, 100) lies on the line 2x + 3y = 900, as well as in the region R. For values of
c 900, the line moves upwards and to the right, and no longer intersects R. This means that
that it is not possible to consume more than 900 calories while simultaneously satisfying conditions
(1),(2), and (3). However, it is possible for Santa to consume a maximum of c = 900 calories by
consuming exactly 300 mL of eggnog and 100 mL of mulled wine. These are, therefore, the optimal
quantities of eggnog and mulled wine that Santa can consume.
5. Suppose that ABCD is a convex quadrilateral. Show that we can find a parallelogram which
covers ABCD and has at least three vertices in common with ABCD.
SOLUTION.
If AB k CD and BC k AD then the quadrilateral is a parallelogram so we can just choose
itself to be the covering parallelogram. If ABCD is a trapezoid with AB k CD and AB < CD
then let E be the point on the line AB with AE = CD and B being inside the line segment AE.
Then AECD is a parallelogram which covers ABCD. Note that we can get another solution by
setting F be the point on the line AB with F B = CD and A inside the line segment F B. Then
F BCD will work.
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Also, if BC k AD, then a similar proof works.
Now assume that ABCD is not a trapezoid. Then the lines AB and CD intersect, let us call
the intersection point by P . Similarly, the lines BC and AD intersect, let us call the intersection
by Q. We may assume that we have the configuration shown in the picture below (otherwise we
can just modify the names of the vertices). Thus, the line segments P A and P D contain the points
B and C, respectively, and the line segments QD and QC contain the points A and B respectively.
Let B 0 be the point on the line segment QC so that AB 0 k CD. Then AB 0 CD is a trapezoid with

AB 0 < CD, so by the argument above we can find a point E so that AECD is a parallelogram
and AB 0 CD is covered by AECD. But that means that the line segment B 0 C is covered by this
parallelogram, and since B is inside B 0 C this means that B is covered by AECD. But this implies
that AECD covers ABCD.
�

��

�

�

�

�

�

