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WISCONSIN MATHEMATICS SCIENCE & ENGINEERING TALENT SEARCH

PROBLEM SET V (1994-95) FEBRUARY 1995

1. Let¤ be an operation (like addition or multiplication) which associates to each pairx, y of
real numbers the real numberx¤ y. Suppose that, for all realx, y, z, we have (1)x¤ x = x,
(2) x ¤ y = y ¤ x, (3) x ¤ (y ¤ z) = (x ¤ y) ¤ z, and (4) if y < z andx ¤ y 6= x, then
x ¤ y < x ¤ z. In the preceding problem set, we showed thatx ¤ y = x or y for all x, y.
Find infinitely many different operations¤ satisfying the above four conditions.

2. In 4ABC, suppose thatAD ⊥ BC and thatAE is the
angle bisector of∠B AC. If BM ⊥ AE andE N ⊥ AC,
prove that pointsD, M , andN are colinear. (Hint. Use
the conclusion of Problem Set IV, Problem 2.)

3. Which positive integersn divide

S(n) = 11995+ 21995+ · · · + (n− 1)1995.

4. Find all positive integersx andy which satisfy the equa-
tion x2+ x = y4+ y3+ y2+ y.

5. An n-digit numberα is said to bespecialif (1) α is equal to the arithmetic mean of then!
numbers one obtains by rearranging the digits ofα in all possible ways, and (2) the digits ofα
are not all equal. We know, from the preceding problem set, that the 3-digit special numbers
are 370, 407, 481, 518, 592, and 629. Find the next larger special number and then show that
there are infinitely many special numbers.

You are invited to submit a solution even if you get just one problem
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